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THE EFFECT OF RANGE OF STRESS ON THE 
FATIGUE STRENGTH OF METALS 


I. InrrRopucTION 


1. Preliminary.—Many investigators have shown that the maxi- 
mum tensile or compressive stress to which a metal member may 
be repeatedly subjected without causing fracture (endurance limit as 
usually defined) depends upon the range of stress applied, that. is, 
upon the values of the maximum and minimum stresses of a repeated 
cycle; the maximum tensile stress that can be applied a very large 
number of times without causing fracture can be increased if the range 
of stress is decreased. Most of the data upon which this conclusion is 
based were obtained from tests’ !?* in which the stress varied from 
a small tensile stress to a larger tensile stress, or from a small com- 
pressive stress to a larger tensile stress. The specimens used in these 
tests were usually subjected to axial loads, mainly because varying 
ranges of normal stress are easily obtained by this method of loading; 
it is assumed, however, that bending tests would reveal substantially 
the same results. Furthermore, most of the data were obtained from 
tests of polished unnotched specimens of ductile metals; the term 
“unnotched (or notch-free) specimen” is used to denote a specimen 
free from stress raisers such as abrupt changes in cross-section, sur- 
face scratches, defects, etc., and a “notched specimen” is one which 
contains a stress raiser of any kind. 

If, on the other hand, notch-free polished cylindrical specimens of 
a ductile metal are subjected to repeated cycles of torsional shearing 
stress, it has been shown’ * in a number of investigations that the 
maximum range of shearing stress that can be repeated a large num- 
ber of times without causing fracture is the same regardless of the 
value of the maximum stress in the range; that is, the range of stress 
remains constant. This fact may be expressed in a somewhat different 
way as follows: The maximum torsional shearing stress that can be 
repeatedly applied to a notch-free cylindrical specimen of ductile 
metal without causing fracture may be increased if the minimum 
stress of the cycle or range of stress is also increased by the same 
amount, thereby keeping the range of stress constant. In this con- 
clusion, however, it is assumed that the maximum shearing stress does 
not reach a value that causes the material to fail by general yielding, 


*Index numbers refer to items in Bibliography. 
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that is by permanent plastic deformation of a relatively large portion 
of the specimen on the first application of thé load. 

The generally accepted laws governing the effect of range of stress 
on the resistance to fracture of metals subjected to repeated stress 
(fatigue strength), therefore, have been based mostly on fatigue tests 
of polished, notch-free specimens of ductile metals. There are, how- 
ever, many ductile metal members that contain notches of various 
types, such as keyways, fillets, holes, corrosion pits, surface scratches, 
etc., that are subjected to various ranges of repeated stress. Likewise 
brittle metal members, such as high strength cast iron, special alloys, 
te., both with and without notches, are subjected to various ranges 
of repeated stress. Thus, there is need for further study of this prob- 
lem. The term ductile is used here to describe metals which are 
capable of rather large plastic deformation without fracture when 
subjected to the usual tension test, and the term brittle is used to 
describe metals which fracture with little or no plastic deformation in 
the tension test. 

The significance of the results presented in this bulletin will 
probably be more evident if attention is here called to the fact that 
two modes or types of fatigue fracture are recognized. In one type, 
the formation and spread of the fatigue crack is considered to be 
related most closely to the maximum normal (tensile) stress, and in 
the other type to the maximum shearing stress. Furthermore, the 
factors that primarily determine which one of these two types of 
fracture will occur are considered to be (1) the relation of the re- 
sistance of the material to separation without accompanying plastic 
deformation (cohesion strength) to its resistance to plastic deforma- 
tion (yield strength) and (2) the relation of the maximum tensile 
stress, max, at a point where fracture occurs to the maximum 
shearing stress, tmax. The relative values and qualitative use of 
cohesion strength Cina 

: d 

yield strength Tmax 


importance in the explanation of the fatigue results presented in 
this bulletin even though their numerical values are seldom definitely 
known. 

Attention should also be called to one other idea that is elven 
prominence in the subsequent discussion. The endurance limit of a 
material has usually been considered to be the value of the maximum 
stress in any cycle or range of stress that can be repeated an in- 
definitely large number of times without causing the material to 


these two ratios, 


, assume considerable 
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fracture. This definition has resulted from the desire to follow, in 
dealing with repeated loads, the same procedure that is used with 
static loads. For example, a ductile metal under static loads usually 
serves its purpose satisfactorily in a load-resisting member until the 
maximum stress reaches a value at which general yielding occurs; 
thus a maximum value of stress serves satisfactorily as a measure of 
the limiting (utilizable) strength for resisting static loads. If, how- 
ever, the same ductile metal member is subjected to repeated stress, 
its usefulness (utilizable strength) is not limited by yielding, but by 
the formation and spread of a crack designated as a progressive local- 
ized fracture (or fatigue fracture), and this type of fracture is asso- 
ciated, not with the maxiium stress alone, but also with the minimum 
stress in the stress cycle, or, more briefly, with the repeated range of 
stress, evidence of which will be presented in this bulletin. If the 
stress in the cycle is completely reversed (changing from a value in 
one direction from zero to an equal value in the opposite direction 
from zero) the maximum value of the stress in the cycle serves also 
to measure the range of stress, and hence the foregoing definition of 
endurance limit is satisfactory; but for other ranges of stress it is in- 
adequate and misleading, and has led to confusion concerning the 
effect of range of stress on fatigue strength. 

A more satisfactory definition of endurance limit or fatigue 
strength has grown out of the relatively recent method of treating a 
range of stress as made up of two components, namely, a steady 
(mean) stress and an alternating (completely reversed) stress that is 
superimposed on the steady stress. The influence of the steady stress 
on failure is important when the steady stress plus the alternating 
stress (the maximum stress) exceeds the static yield strength, resulting 
in a failure of the member by yielding on the first application of the 
load before it can fail by progressive fracture; the steady stress alone 
would not produce a progressive fracture. The failure by progressive 
fracture is controlled mainly by the alternating stress; the value of 
the alternating stress required to cause fracture may, however, depend 
on the value of the mean or steady stress. 

The endurance limit of a material for any range of stress, then, 
is defined as the maximum alternating (completely reversed) stress 
that can be superimposed on the mean or steady stress of the range 
and be repeated an indefinitely large number of times without causing 
fracture. The subsequent discussion will show that there are several 
advantages to be gained by defining the fatigue strength in this way. 
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2. Purpose of Investigation.—lIt is the purpose of this bulletin to 
make a rather comprehensive study of test’ data to determine the 
manner in which range of stress affects the fatigue strength of metals. 
Available test data have been studied, involving ranges of repeated 
axial stress from tension to tension, tension to compression, compres- 
sion to compression, and of repeated torsional shearing stress, in both 
ductile and brittle metals for specimens with and without notches. It 
should be stated that the various methods of interpreting the test 
data given emphasis in this study have been presented by several 
investigators in analyzing the results of fatigue tests as applied to 
limited portions of the problem of the effect of range of stress on the 
fatigue strength of metals. It has been the main purpose, however, of 
the investigation herein reported to extend the interpretations in de- 
veloping the general law or laws that control the effect of range of 
stress on the fatigue strength of metals for conditions covering a wide 
field of applications. 

It should also be observed that the test results studied were ob- 
tained from relatively small laboratory specimens and hence may not 
be directly applicable to much larger members that are likely to be 
less homogeneous and less uniform and correspondingly weaker in 
fatigue even though they are geometrically similar to the smaller 
specimens. Further, the fatigue strength as interpreted in this bulletin 
refers to the resistance of the material to an indefinitely large number 
of cycles of stress, and no attempt has been made to interpret data for 
the fatigue strength for a limited number of cycles of stress above the 
endurance limit; and hence it is realized that the results of this in- 
vestigation will not apply directly to some types of fatigue problems. 
Nevertheless, it is felt that the information concerning the laws 
governing the effect of range of stress on the fatigue strength as in- 
‘terpreted here and as indicated by tests of relatively small specimens 
is of great importance. 
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SyMBOLS AND DEFINITIONS 
(See Fig. 1) 


Omax (Ol Tmax) = Maximum (numerical) stress of a range of stress. 


Gmin (OF Tmin) = Minimum (numerical) stress of a range of stress. 


max + min 


om = Steady stress component of a range of stress. ¢m = ———>———.. 


Cai 


Ao (orAr) = 


Endurance Limit = 


Or (or Tr) = 


PACE) = 


Oy = 


Ty = 


2, 
Omax — Smin 
2 


The magnitude of a range of stress; it is the algebraic difference 
between omax 2nd omin (or between tmax and Tmin); or, also, it 1s 
equal to 2o4 (or 27a). 


Alternating stress component of a range of stress. oa = 


The maximum value of the alternating stress oa (or ta) which 
can be superimposed on a given steady stress om (or tm) and 
repeated an indefinitely large number of times without causing a 
progressive fracture (fatigue failure). The endurance limit of the 
material for a given steady stress is also frequently referred to 
as the fatigue strength for the given steady stress. 


The endurance limit (as defined above) for a steady stress, om, 
equal to zero, that is, the endurance limit for completely reversed 
cycles of stress, as obtained from tests of polished notch-free 
specimens. 


The endurance limit (as defined above) for a steady stress, om, 
equal to zero, that is, the endurance limit for completelv re- 
versed cycles of stress, as obtained from notched specimens, the 
stress being determined by the use of the ordinary formulas of 
mechanics. 


Static tensile yield strength. 


Static torsional shearing yield strength obtained from tests of 
solid cylindrical specimens. 


Static tensile ultimate strength. 


= Static torsional modulus of rupture; the torsional modulus of 


rupture is the value of 7 as calculated from the substitution of 


: : : é a 
the static ultimate (maximum) torque 7’ in the formula 7 = = 


b] 
where ¢ is the radius of the cross-section and J is the polar 
moment of inertia of the section. 


Static compressive ultimate strength. For ductile materials the 
compressive ultimate strength is considered to be the compres- 
sive yield strength. 


Stress concentration factor. 
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Il. Meruop or INTERPRETING RANGE or Stress Data 


4. Description of Range of Stress——-Two methods of specifying a 
range of stress have been chosen. These two methods are described 
in the following paragraphs. In this description and throughout the 
bulletin the Greek symbol o (sigma) will always refer to a normal 
(tensile or compressive) stress, and the Greek symbol 7 (tau) will 
always refer to a shearing stress. 

First: A range of stress may be partially designated by the mag- 
nitude of the change of stress in passing from the minimum stress to 
the maximum stress of a cycle, but either the maximum or minimum 
stress must be given in addition to the magnitude of the range. Thus 
in Fig. 1 a range may be specified by stating the maximum stress omax 
(or tmax) or the minimum stress omin (OF 7min) and stating the magni- 
tude of the range of stress Ac (or At). The range could be described 
also by simply giving both the maximum and the minimum stresses. 

Second: A range of stress may be thought of as being made up of 
a steady (mean) stress o» (or 7») and an alternating (completely re- 
versed) stress o, (or 7.) superimposed upon it; the range of stress may 
then be expressed a8 om - oa (OF tm + 7a). For example, in Fig. 1, a 
range of stress is specified by choosing o, (or 7) and og (or Ta). 


5. Goodman Diagram.—A diagram such as Fig. 2 for representing 
the effect of range of stress on the endurance limit was devised by 
Goodman" ? based chiefly on results of repeated stress tests in bending 


TC?S/O07 


Time 


Comoress/or? 


Range of Stress \ Range of Stress 
with Steaay With STEAMY 
Terssile Stress |\ComoressiVe SWeSS 


Completely 
Reversed 
Range of STTEsSs 


Fic. 1. Srress SymsBois For VARYING RANGE OF STRESS 
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Line of Zero Stress 
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a 
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Fic. 2. GoopoMan Diacram SHowING Errect or RANGE OF NORMAL 
Stress Upon EnpuraNnce Limit 


and in direct tension of ductile metals by Wohler. In these tests a 
value of the minimum stress omin was selected, and then a series of 
specimens were tested under repeated stresses which varied from this 
value of stress, omin, to a higher stress, omax. For the larger values of 
Omax the specimens fractured after a number of repetitions of the 
stress, but by lowering the value of omax in each successive specimen 
tested, a maximum stress was found which could be repeated an in- 
definitely large number of times without causing a progressive frac- 
ture. In Fig. 2 the minimum stress is plotted as an ordinate to the line 
of zero stress with an equal abscissa so that one extremity lies on a 
line DB making an angle of 45 deg. with the line of zero stress. Good- 
man found that, if omax is plotted as an ordinate at the same abscissa 
as the minimum stress, the upper ends of the ordinates (values of omax) 
lie approximately on the line AB where FA is 1/3 o, and OC = CE = 
% oy, and where o, represents the static ultimate tensile strength of 
the material. From similar triangles in Fig. 2 it can be shown that 


1 


Cg =e on = 1 
3 (o o (1) 
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In Equation (1) o, is the maximum value of the alternating stress 
which may be superimposed on the given steady stress, om, and re- 
peated an indefinitely large number of times without causing pro- 
gressive fracture, that is, o, is the endurance limit of the metal for 
the given steady stress o,. This equation has been used extensively 
to represent range of stress data. Equation (1) may also be written 


in the form 
: (1 es ) (2 
On = ae Llp = . 
3) i Gey ) 


However, it has been found by various investigators that a better 
agreement with experimental results for repeated bending and of re- 
peated direct tension tests of steels may be obtained if Equation (2) 
is modified by replacing the factor % om by the endurance limit, o,, 
for completely reversed cycles of stress, that is, the endurance limit 
for the range of stress in which o» —0O. Equation (2) thus becomes 


Tm 
Og = Gp (1 _ (3) 
Ou 


Equation (3) gives the magnitude of the endurance limit, o,, of the 
metal when the steady stress is 0». The endurance limit, oa, is sig- 
nificant when failure is due to fatigue, but when o,, is large the value 
of o, plus o», that is, the maximum stress in the range, may be large 
enough to exceed the yield point of the material and hence to cause 
failure in the specimen by general yielding on the first application of 
the stress. It is therefore convenient to have an equation from which 
Omax May be calculated. 

From Fig. 2 it is noted that omax = om + oa, and hence, from 


Equation (3) 
Tm 
Omax — Om oi (1 ma ) (4) 


Ou 


Equation (4) is represented by a straight line on the Goodman dia- 
gram similar to line AB in Fig. 2 in which, however, o, is not neces- 
sarily equal to 14 o,, but is the actual endurance limit for completely 
reversed cycles obtained from fatigue tests. A diagram similar to 
Fig. 2 in which FA = FD = a, is known as a “modified Goodman 
diagram” and the line AB in such a diagram will be referred to as 
the ‘modified Goodman line.” 
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6. Steady Stress—Alternating Stress Diagram.—Range of stress 
data may be represented in a different way*® by a diagram in which 
the steady stress is expressed as a fraction of the tensile or compres- 
sive ultimate strength and is plotted as an abscissa, whereas the super- 
imposed alternating stress (endurance limit) is expressed as a fraction 
of the endurance limit for completely reversed cycles of stress and is 
plotted as an ordinate. Such a diagram is called a steady stress— 
alternating stress diagram and is illustrated in Fig. 3 for the case in 
which the steady stress 1s tension. The point A whose ordinate is a;,, 
and whose abscissa is zero represents the range of completely reversed 
stress for which the steady stress o, is zero and the superimposed 
alternating stress o, is equal to «,. The point B whose ordinate is zero 
and whose abscissa is the static tensile ultimate strength represents 
the range of stress of zero magnitude, that is, there is no superim- 
posed alternating stress, since o, is zero. If a straight line is drawn 
from A to B, the ordinates of the points of this line represent approxi- 
mately the maximum values of the completely reversed stress that can 
be superimposed on the steady stress, represented by the correspond- 
ing abscissa, and repeated a large number of times without causing 
fracture. For example, the ordinate «, of the point D on line AB 
represents the endurance limit corresponding to the steady stress om, 
represented by the abscissa of the point D. 
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The equation of the line AB of Fig. 3 may be written in the inter- 
cept form as 


= 1. (5) 


If Equation (5) is rewritten in the form 


On = Ge (1 — _ (6) 


an expression for determining the endurance limit, o,, is obtained. 
The maximum stress in the range can be obtained if the steady stress, 
om, 18 added to both sides of Equation 6). Thus 


Omax — Om = Ta = Tm aa oO; (1 ay <=), (7) 


Ou 


It will be noted that Equations (3) and (6) are identical, and that 
Equations (4) and (7) are identical, and thus the line AB in the 
“modified Goodman diagram:’ (Fig. 2 with 14 o, replaced by o,) and 
the line AB in Fig. 3 are identical in their representation of range 
of stress data. 

The steady stress—alternating stress diagram as illustrated by 
Fig. 3 has an advantage over the “modified Goodman diagram” in 
that data may be plotted for varying ranges of stress for different 
metals on the same diagram for purposes of comparison. For this 
reason the steady stress—alternating stress type of representation for 
range of stress data is used frequently in this bulletin. 


7. Maximum Stress—Alternating Stress Diagram.—tIn representing 
range of stress data it is sometimes convenient to use a diagram in 
which the maximum stress of the range is expressed as a fraction of 
either the yield strength or the ultimate strength and is plotted as an 
abscissa, and in which the alternating stress is expressed in terms of 
the endurance limit o, or 7, and is plotted as an ordinate. This 
diagram is referred to as the maximum stress—alternating stress dia- 
gram, and is particularly convenient for representing varying ranges 
of torsional shearing stress for polished notch-free cylindrical speci- 
mens, as will be seen in the next article. 
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III. INTERPRETATION OF RANGE oF STRESS DATA FOR 
DvuctTiteE METALS 


8. Ranges of Torsional Shearing Stress in Unnotched Cylindrical 
Specimens of Ductile Metals—Figure 4 is a maximum stress—alter- 
nating stress diagram as described in Section 7 for fatigue tests for 
various ranges of torsional shearing stress of polished notch-free 
cylindrical specimens of twenty-seven ductile metals. In Fig. 4 the 
maximum stress of the range is expressed as a fraction of the static 
torsional shearing yield strength, 7,, and is plotted as an abscissa; 
the alternating stress of the range is expressed as a fraction of the en- 
durance limit, 7,, for completely reversed cycles of shearing stress and 
is plotted as an ordinate. Below the diagram is a tabulation of the 
various ductile metals and the names and reference numbers to the 
work of the investigators who obtained the results plotted in Fig. 4. 
It will be noted that results from tests of 18 ductile ferrous metals 
and 9 non-ferrous ductile metals are plotted in Fig. 4. The ferrous 
metals included steels having a wide range of carbon content, various 
alloy steels, and two malleable irons, and the non-ferrous ductile metals 
included four aluminum alloys, commercially pure copper, a 60 Cu-40 
Zn brass, a beryllium bronze, a tobin bronze, and a malleable bronze. 

Figure 4 shows that, for ranges of torsional shearing stress in small 
polished notch-free cylindrical specimens of most load-resisting ductile 
metals in which the maximum stress of the range is less than about 
eight-tenths of the torsional yield strength (0.8 7,), the endurance 
limit, z., for any range of stress is equal to the endurance limit, 
z,, for complete reversals of shearing stress. The fact that the points 
representing the data began to spread or scatter beyond 0.8 7, may 
be due partly to the many different methods used by the various in- 
vestigators in determining the torsional yield strength. This scatter 
does not seem significant, however, since working stress values would 
probably never be as large as 0.8 7,. Therefore Fig. 4 supports the 
conclusion which various investigators have previously stated, namely, 
that for polished notch-free cylindrical specimens of ductile metals 
subjected to varying ranges of torsional shearing stress, the maximum 
alternating stress which may be superimposed on any given steady 
stress without causing fatigue failure after a large number of cycles 
is constant, and is equal to the endurance limit for completely re- 
versed cycles of shearing stress, provided that the maximum stress of 
the range, tmax = tm -+ Tr, does not exceed the torsional static shearing 
yield strength of the metal. It should be pointed out, however, that 
this conclusion does not necessarily follow if the torsional specimen 
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contains stress concentrations (due to notches, ete.). This case is 
discussed in a later paragraph. 


9. Ranges of Axial Stress in Unnotched Specimens of Ductile 
Metals——Two different cases will be discussed under this heading; 
in the first case the steady stress is a tensile stress, and in the second 
the steady stress is a compressive stress. 


(a) Ranges of Stress in Which Steady Stress Is Tension—The 
data presented here in which the steady stress was tension were ob- 
tained from tests of the relatively few ductile metals which have also 
been tested for ranges-of stress in which the steady stress was com- 
pression. This was done in order to make it possible to show the 
marked difference between the endurance limits corresponding to 
steady compressive stresses and the endurance limits corresponding to 
steady tensile stresses. 

Figure 5a is a steady stress—alternating stress diagram for tests 
of notch-free specimens of thirteen ductile metals subjected to ranges 
of repeated axial stress in which the steady stress was tension. Below 
Fig. 5 is a tabulation of the various ductile metals with the names and 
reference number to the work of the investigators who obtained the 
results plotted in this figure. Results from tests of six steels, two 
malleable irons, and five non-ferrous metals are represented. It will 
be noticed in Fig. 5a that although the endurance limit decreases in 
general with increase in steady tensile stress in accordance approxi- 
mately with the straight line from A to B, (modified Goodman line), 
a large proportion of the plotted points representing the test data lie 
on the upper side of the line AB. Since ordinates of points on AB are 
smaller than most of the corresponding ordinates of plotted points 
representing the test data, the alternating stresses (endurance limits) 
represented by points on AB will in general be on the side of safety. 
However, if the maximum stress in the range, that 1s omax = om + 0, 
exceeds the tensile static yield strength of the metal, the failure will 
be by general yielding on the first application of the load, rather than 
by fatigue after many repetitions of the load. These observations 
bear out conclusions which other investigators have made from 
similar data from tests in which the steady stress was tension. 


(b) Ranges of Stress in Which Steady Stress Is Compression— 
In Fig. 5b the results of fatigue tests of the same thirteen ductile 
metals represented in Fig. 5a will now be examined for ranges of stress 
in which the steady stress was compression. The maximum stress— 
alternating stress diagram is used here because it gives a more effective 
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interpretation of the data. The maximum stress of any range is 
expressed in terms of the compressive strength, which for most ductile 
metals is considered to be the compressive yield strength, and to be 
approximately equal to the tensile yield strength. 

It may be concluded from the data plotted in Fig. 5b that, for 
notch-free specimens of the thirteen ductile metals represented, the 
endurance limit is approximately constant for all ranges of stress in 
which the steady stress is compression and is equal to the endurance 
limit o, for completely reversed cycles of direct tension—compression. 
This conclusion is valid for all these metals until the maximum com- 
pressive stress of the range becomes equal to about eight-tenths of the 
compressive yield strength (0.8 o,’), and only two of these metals show 
evidence that the previously-stated rule does not apply for all ranges. 


10. Ranges of Torsional Shearing Stress in Notched Specimens of 
Ductile Metals —Figure 6 is a steady stress—alternating stress dia- 
gram showing results of tests of notched specimens of seventeen 
ductile metals tested under varying ranges of torsional shearing stress. 
In Fig. 6 the steady stress of any range is expressed in terms of the 
torsional modulus of rupture, 7,, and is plotted as an abscissa, whereas 
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the alternating stress corresponding to the steady stress is expressed 
in terms of the endurance limit 7,, of notched specimens for com- 
pletely reversed cycles of shearing stress and is plotted as an ordinate. 
The point A in the diagram whose coordinates are t,—=0O and t,—= 
Trn Tepresents the endurance limit for completely reversed cycles of 
stress for notched specimens of each of the seventeen metals. The 
point B represents the torsional modulus of rupture as determined 
from static tests of solid notch-free specimens of each of the seventeen 
metals. It should be emphasized that the endurance limit, t;,, for 
completely reversed cycles of stress is the endurance limit from tests 
of the notched specimens, and is not to be confused with the 7, value 
for the notch-free specimens. 

It will be noted from the tabulation:of the metals in Fig. 6 that 
eleven metals were spring steels, tested as coiled springs, one metal 
a tobin bronze, two were malleable irons, and three were alloy steels 
other than spring steels. In one case the stress concentration was due 
to corrosion pits, in two cases to the roughness of the cast surface, 
in eleven cases to the curvature of the coils in the spring wire, or to 
the surface decarburization and the surface defects of the spring wire, 
and in three cases to especially-prepared notches in the specimens, 
namely, a transverse hole in the specimens of S.A.E. 3140 steel and 
tobin bronze, and a circumferential V-groove in the specimens of a 
Cr-Ni steel. 

A comparison of these data shown in Fig. 6 with the data shown 
in Fig. 5a for notch-free specimens subjected to ranges of repeated 
direct axial stress in which the steady stress was tension, reveals a 
striking resemblance in the way the plotted points fit the modified 
Goodman line AB in the two diagrams. In other words, the tor- 
sional shearing endurance limit of notched specimens for varying 
steady stresses is not constant as it was found to be for notch-free 
specimens, but decreases with an increase in steady stress. By 


analogy with Equation (6) the ordinates, 7., of points on AB, are 
Tm 


given by the equation ta = Trn (1 — —) and since 
U 


Tr 


is equal to the 


Trn 


stress concentration factor K, this equation is written as follows: 


Kr, =1-(1-—~) (8) 


Tu 


where 7, is the torsional modulus of rupture as determined from 
static tests of solid notch-free specimens. In Equation (8) the 


stresses tm and tg are calculated from the formula 7 = ——, no 
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allowance being made for the notch. Equation (8) may be inter- 
preted as follows: If r,, is a given steady shearing stress to be applied 
to a notched cylindrical torsion specimen of a ductile metal, the 
quantity K - 7, represents the maximum value of the localized alter- 
nating shearing stress which can be superimposed upon the steady 
stress + and be repeated an indefinitely large number of times with- 
out causing fatigue fracture. This stress Kr, will be the localized 
stress associated with fatigue failure, but if the maximum stress of 
the range, Tmax = Tm + Ta, becomes equal to the static torsional 
shearing yield strength, 7,, the failure will in general not be by 
fatigue but will be by general yielding on the first application of 
the stress. 

In Equation (8) the value of 7, must be known, but since the 
values of the tensile ultimate strength, o., are more commonly avail- 
able than are the values of 7,, it is convenient to express 7, in terms 
of o,. A study of values of o, and 7, for 35 steels reported by Lea 
and Heywood,'® Hankins,’ Swan, Sutton and Douglas,** Zimmerli,” 
Seely and Putnam, Ludwik and Krystok,' and by Johnson,” shows 
that, for these 35 steels, which were mostly medium to high carbon 
and alloy steels, the ratio Tes ranged from 0.68 to 0.96 with an 


Uu 


average of 0.83. For only one steel did the ratio fall below 0.70, 
for nine steels the ratio fell between 0.70 and 0.80, for 14 steels 
between 0.80 and 0.90, and for seven steels between 0.90 and 0.96. 
For non-ferrous metals the data available are not quite as complete. 
Results reported by Johnson,” Moore and Lewis,’ Ludwik and Kry- 
stock® show that for a malleable bronze, a beryllium bronze, a brass, 
commercially pure copper, duralumin, and tobin bronze the average 


value of the ratio 


was 0.75, the lowest value of the ratio being 


U 


0.66 and the highest 0.88. If, therefore, the values of the torsional 
moduli of rupture are not directly available, a relatively useful esti- 


= 0:75. 06 
Ou 


this ratio is used it should be remembered that it is only approximate, 
and, furthermore, that for softer steels such as mild to medium car- 
bon steels the ratio is probably considerably higher than 0.75. 


mate of this value might be made by using a ratio ce 


11, Ranges of Axial Stress in Notched Specimens of Ductile Metals — 
Under this heading two cases will be discussed, namely, one case in 


which the steady stress is tension, and the other in which the steady 
stress is compression. 
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(a) Ranges of Stress in Which Steady Stress Is Tension.—Test 
data for ranges of repeated stress in which the steady stress was 
tension are given in the steady stress—alternating stress diagram of 
Fig. 7a for notched specimens of thirteen ductile metals tested under 
direct axial stress, and one steel under combined bending and direct 
axial tension. These metals include eleven steels, two malleable 
irons, and duralumin. In four of the metals the stress concentration 
was due to an especially-prepared mechanical notch such as a trans- 
verse hole or a circumferential V-groove, in two cases to the rough- 
ness of the cast surface, in four cases to corrosion pits caused by 
salt water, and in three cases in which the test specimens were bolts 
the stress concentration was due to the abrupt change in section at 
the head of the bolt. 

A comparison of Fig. 7a with Fig. 5a for tests of notch-free speci- 
mens shows that the diagrams are very similar. In both diagrams 
the great majority of the plotted test data lie above the modified 
Goodman line AB. In Fig. 7a some of the values of the endurance 
limits are less than the values given by the line AB, especially for 
ranges of stress with small steady stresses, but the line AB can be 
regarded as representing approximately the endurance limit, oa, 
corresponding to the steady stress, om, in the notched specimens. 
By analogy with Equation (6) the ordinates, o,, of points on line 
Cr 


Ginn ; 
) and since 


u 


AB are given by the expression og = orn (1 — 


Tr 
is equal to the stress concentration factor K, this equation may be 
written as follows: 


K-04 = 9,(1— —) (9) 


where o, is the static tensile ultimate strength of the metal as de- 
termined from notch-free static tensile specimens. The stresses om 
and o, are calculated by the ordinary formulas of mechanics without 
regard for the notch. Equation (9) may be interpreted as follows: 
If om is a given steady tensile stress to be applied to a notched tensile 
specimen of a ductile metal, the stress Ko, represents the maximum 
value of the localized alternating stress which can be superimposed 
upon the steady stress o,, and be repeated an indefinitely large num- 
ber of times without causing fatigue fracture. Thus, since the right 
side of Equation (9) represents ordinates of points on the modified 
Goodman line AB in Fig. 5a, this diagram may be used for obtaining 
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the fatigue strength for varying ranges of stress for notch-free and 
notched specimens of ductile metal, provided the stress concentration 
factor K is applied only to the calculation of the alternating com- 
ponent of stress. 


(b) Range of Stress in Which Steady Stress Is Compression — 
Only a few test results are available for notched specimens of ductile 
metals subjected to ranges of repeated direct compressive stress, i.e., 
ranges of stress varying from a small compression to a large compres- 
sion or from a small tension to a large compression. Test data for 
eight metals, consisting of six steels and two malleable irons, are 
plotted in the maximum stress—alternating stress diagram in Fig. 7b. 
The notches in the specimens were circumferential V-grooves in four 
of the steels, pits formed by corrosion .in tap water for two of the 
steels, and for the malleable irons the stress concentration was due to 
the rough as-cast surface on the metal. The metals and the names of 
the investigators are tabulated below the figure. 

In Fig. 7b the endurance limit of any range is expressed in terms 
of the endurance limit o,, for completely reversed stress for similarly 
notched specimens and is plotted as an ordinate, whereas the maxi- 
mum (compressive) stress of the range is expressed in terms of the 
static compressive yield strength and is plotted as an abscissa. 

Although the data represented in Fig. 7b are not sufficiently com- 
plete to draw general conclusions, it is interesting to note that for 
notched specimens of these eight ductile metals the endurance limit, 
o., tends to increase with an increase in maximum compressive stress, 
particularly for relatively large values. This increase in value of oa, 
seems to be more marked in some metals than in others, and is prob- 
ably dependent on the properties of the metal, such as its rate of 
strain hardening, as well as upon the type of notch present in the 
specimen. It is significant that no value of o, is less than the en- 
durance limit for notched specimens subjected to completely reversed 
cycles of stress. Ranges of stress for notched specimens in which the 
steady stress is compression need to be investigated for more ferrous 
and non-ferrous ductile metals before general conclusions may be 
drawn. It is clear, however, by comparing the results represented 
in Figs. 7a and 7b with those in Figs. 5a and 5b that for axially- 
loaded tension—compression specimens both with and without stress 
raisers the endurance limits corresponding to steady stresses in tension 
are smaller than those corresponding to steady stresses of the same 
magnitude in compression. 
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LV. LyTERPRETATION OF RANGE OF STRESS DaTA FOR 
BrittLteE METALs 


Relatively few fatigue data for varying ranges of stress for brittle 
metals are available. This statement is particularly true of data for 
notched specimens of brittle metals. The data obtained from notched 
and unnotched specimens will be interpreted together in one diagram, 
since it is found that in brittle metals the notch does not change the 
effect of the range of stress on the fatigue strength. 


12. Ranges of Torsional Stress in Unnotched and in Notched 
Specimens of Brittle Metals —I{ a notch-free cylindrical specimen of 
brittle metal is subjected to repeated torsional stresses above the en- 
durance limit a fatigue fracture begins at some point at or near the 
surface and usually progresses along a diagonal or helicoidal path cor- 
responding closely to the planes of maximum tensile stress in the 
specimen. Since the maximum tensile stress in a cylindrical shaft 
subjected to torsional loads is equal in magnitude to the maximum 
shearing stress, this kind of tensile fracture is not unexpected in a brit- 
tle metal, because brittle metals are usually weaker in tension than in 
shear. For this reason it is suspected that the initial cause of the 
formation of the crack in a brittle metal specimen, whether it be in 
a polished notch-free specimen or in a notched specimen, may be as- 
sociated with the maximum tensile stress in the specimen rather than 
with the maximum shearing stress, whereas in notch-free torsion speci- 
mens of ductile metal the shearing stress is more likely to be associ- 
ated with the formation of a fatigue crack. 

Since the torsional fatigue fracture in the brittle metals seems to 
be associated with the resistance of the metal to tensile stress, the 
steady tensile stress, om, of any range of stress (note: om —=tm in a 
cylindrical torsion member) has been expressed in terms of the 
static tensile ultimate strength and is plotted as an abscissa in Fig. 8. 
The endurance limit, o,, of the range is plotted as an ordinate ex- 
pressed in terms of the endurance limit, o,, for completely reversed 
cycles of normal stress for either notch-free specimens or for notched 
specimens (the endurance limit is denoted by o, in both types of speci- 
mens) according to whether the range is for notch-free or for notched 
specimens. Hence, in Fig. 8 the ordinate of any plotted point repre- 
sents the endurance limit, o,, corresponding to a steady stress, om, 
represented by the abscissa of the point. 

In Fig. 8 the data are plotted for varying ranges of tension— 
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compression stresses occurring in cylindrical specimens of eight cast 
irons subjected to repeated torsional loads. One iron was a high 
strength nickel-molybdenum cast iron, for which polished notch-free 
specimens and also notched specimens were tested. The notch con- 
sisted of a transverse hole one-tenth the diameter of the specimen. 
The other seven irons were ordinary gray irons and all specimens 
tested were polished notch-free specimens. 

A marked difference between the effect of range of stress on the 
torsional endurance limit of brittle as compared with ductile metals 
becomes at once apparent when Fig. 4 for the notch-free specimens of 
ductile metals is compared with Fig. 8 for brittle metals. For example, 
Fig. 4 shows that the endurance limit for any range of stress is con- 
stant for notch-free specimens of ductile metals, whereas for varying 
ranges of torsional stress in brittle metals Fig. 8 shows that the en- 
durance limit is not constant, but decreases rather rapidly with in- 
crease in the steady stress of the range. Furthermore, it is significant 
to note that in Fig. 8 most of the plotted points fall underneath the 
modified Goodman line AB. Therefore, the line AB does not give safe 
or reliable values for the endurance limit for ranges of stress in tor- 


ILLINOIS ENGINEERING EXPERIMENT STATION 


30 


SSHYLG ACVALG V NO aasodWiuadag 
SSUULG IVIXW dALVadaY AO SHONVY OL aHLoMraAg SNOUT ISV YOd SWVUOVICE SSAULG AO ADNVY “6 “OLY 


TES OO’ psesey 


VO'Y{OUALMS AISUEL AOU) JO Sli/4al Ul 
abuoy fo ‘“o 'ssealsS hobafS a/Suel 
20 


"090 260 


"SUO4] {S07 PALYL 
‘WOISUPL SOM SSEMS 1807S PYL 
*WO1BOIY SSAMGS OUljOuU lL] Y-SSAMS /YPLP1S-(O) 


(N09) P2EY?HON ‘UO4] $S0D-¥ 
UO PY2OU-Up) “WOM, {SOD-F9 
92 SYbUlg Ny ple ‘U0hT iS ‘2/00 ft — PEYOfOU-Ufy ‘UO, JSD 


Be Jedilefy pif PEYSI/0qd jeu pay2{oul-Upp ‘U04/ 4S0J-o 
uo Alo/ 


Pa 1309059 -P2EySlj0f OUR pay2foul-lipy) ‘WO4/ 4SOD-0 


EAU SIO UO j0aY?{OU-Up ‘UO, 4SO)-« 


{0 ‘YpbueHs OANSSELAMOD fO Slul2{ Ul 
abhlioy yo “4D 'ssausS eAIssesaWo] lUdftulXop/] 


0 0 (220 0b0 {090 (260 = 20) 
0 x 0 
SS 
8 707 
Leo SS Q é 
9 S02 a 
* 2 AB Sa c 
PEO nee aX Sek Saeeee ia 
S ‘y+ op SN if 
Vy 8 NSS 
490% Qe S SS 
SS S Wego Ne ~~ 
598 Seo. 
ponds & 209 “Ss 
OBO= NS ° 
% nN NY ~) . 
3 ys 02, 
yd X8 
PY CORES 
y ‘SUIOL) {50D BALA 
q S “WOISSAIALUOD SOM SSELMS LOPALS FY] 
= ‘WOILOIG SSEAS OUL{JOUIBL] 


—SSENWGS tU/UXOL/ -(G) 


EFFECT OF RANGE OF STRESS ON FATIGUE STRENGTH 3l 


sional specimens of brittle metals. In Fig. 8 an empirical curve whose 
equation is 


Om 
1 = 
Ou 
Ta = Or- (10) 
om 
Ise 
Ou 


has been drawn between the points A and B. This curve forms a 
border line below the field of data, and is suggested as a more reliable 
means of estimating endurance limits for ranges of stress in torsion 
of brittle metals (especially cast irons). In Equation (10) o, is the 
static ultimate tensile strength and o, is the endurance limit for com- 
pletely reversed cycles of normal stress for either the notched speci- 
mens or for the notch-free specimens. The value of o, for the brittle 
metal may be obtained by repeated bending, torsion, or axial loads, 
although usually the value of o, as obtained from repeated axial loads 
will be somewhat smaller than for bending or torsion. In using Fig. 8 
and Equation (10) it is essential to bear in mind that the normal 
stresses produced in torsion specimens are used rather than the shear- 
ing stresses, because the normal stresses seem to be associated with 
fatigue failure of brittle metals. 


13. Ranges of Axial Stress in Unnotched and in Notched Specimens 
of Brittle Metals—Under this heading two cases will be discussed, 
namely, one case in which the steady stress is tension, and the other 
in which the steady stress is compression. 


(a) Ranges of Stress in Which Steady Stress Is Tension —Data for 
tests in which the steady stress was tension are presented in the steady 
stress—alternating stress diagram of Fig. 9a for three cast irons. One 
of these was a high-strength cast iron of which both unnotched and 
notched specimens (circumferential V-notch) were tested. The other 
two cast irons were ordinary gray irons, and only notch-free speci- 
mens from these irons were tested. The types of cast irons and the 
names of the investigators are tabulated in Fig. 9a. 

In Fig. 9a most of the plotted test data fall below the line AB. 
Therefore, the curve ACB which is represented by Equation (10) has 
been drawn between the points A and B to represent the data. The 
available data are not comprehensive, but Equation (10) seems to 
eive a more reliable value of the endurance limit o, for any tensile 
steady stress o» than the modified Goodman line AB, as shown by 
Figs. 9a and 8, respectively. 
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(b) Ranges of Stress in Which Steady Stress Is Compression.— 
The available data for tests of brittle metals for ranges of repeated 
stress in which the steady stress was compression were obtained from 
tests of polished notch-free specimens of four ordinary gray cast irons 
and one high strength cast iron. Notched and unnotched specimens 
of the high strength cast iron were tested, but for the four ordinary 
gray irons unnotched specimens only were tested. 

The data for these five cast irons are plotted in the maximum 
stress-alternating stress diagram in Fig. 9b. From Fig. 9b it will be 
noted that for the five cast irons the endurance limit, o,, for ranges 
of stress in which the steady stress was compression was greater than 
the endurance limit, o,, for completely reversed cycles of axial 
tension—compression. The amount of the increase in the value of o, 
of any range in compression over the value of a, varied widely for the 
five cast irons, i.e., from 1.8 o, in G. Seeger’s”® tests to 6.0 o, in Pomp 
and Hempel’s*® tests. Some of these differences may have been due to 
the difference in methods of testing. G. Seeger’s?® tests were made 
upon hollow specimens, and the machine which he used was a rotating 
bending type of machine, in which the steady compressive stress was 
produced by a longitudinal tie rod through the hollow central portion 
of the specimen. In obtaining the test data in Fig. 9b for the other 
cast irons the investigators used solid specimens which were tested 
under direct axial tension—compression loads. 

It is significant that for ranges of repeated stress in which the 
stress varies from a small compression to a large compression the 
maximum alternating stress remains practically constant, as shown 
by the horizontal lines in Fig. 9b. This observation leads to the 
suggestion that the fracture due to ranges of repeated compressive to 
compressive stress probably is associated with the range of shearing 
stress which is a maximum on a plane at 45 deg. to the axis of the 
specimen. The fact that the fracture does progress along an oblique 
plane across the specimen lends further support to the view that the 
fatigue fracture may be due to the range of repeated shear stress. 


V. RELATION BETWEEN State or Stress AND Errect oF RANGE 
oF Stress Upon EnpurANcr Limit In MerAs 


; O max 
14. Hffect of Ratio ——~— When Steady Stress Is Tension.—The 


max 
data presented in the previous chapters for various ranges of stress 
showed marked differences in the manner in which the range of 
stress affected the fatigue strength of a metal. These differences in 
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any one metal are probably related to the state of stress existing in 
the specimen as the result of the various types of loading and forms 
or shapes of specimens. The most significant quantity for indi- 
eating the effect of state of stress seems to be the ratio (<=) of 


T max 

the maximum tensile stress to the maximum shearing stress at a 
point. The significance of this ratio will now be illustrated by con- 
sidering the effect that a notch may have in changing the state of 
stress and also the mode of fatigue failure in a torsion specimen of a 
ductile metal in which the notch consists of a small transverse hole. 
Figure 10a illustrates the maximum stresses in a cylindrical 
torsional specimen free of notches, and Fig. 10b shows the maxi- 
mum normal stresses in the neighborhood of a small transverse hole 
in a similar specimen. From Fig. 10a it will be seen that the maxi- 
mum shearing, tensile, and compressive stresses in a notch-free 
cylindrical specimen subjected to a torque 7 are all numerically 


ie 
equal. (cme = Tmax = ; : In Fig. 10b it will be noted that 
LG 


the theoretical*4 value of omax is 4¢, in which o = 7 = Thus, 


the maximum normal stress at the edge of the hole is four times 
greater than the maximum normal stress in the notch-free specimen. 
Furthermore, since the normal stress on the free surface inside the 
hole is zero, the state of stress at a point A on the surface inside the 
transverse hole is similar to the state of stress in an axially-loaded 
tension or compression member, and the maximum shearing stress, 
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x 


x 


Fic. 11. TorsronaL Faricus Specimens or Ductitp Merrat SHOWING 
Errecr or Norco on Moper or Fatigub FRACTURE 


Tmax, i8 equal to one-half of omax, and hence is equal to 2c. This is 
shown in the enlarged view of the hole in Fig. 10c. This state of 


o max 


stress is characterized by stating that ——— = 2, whereas in the 
max 
: : Ooms ; : 
notch-free torsion specimen ——-— = 1. This change in the state of 
max 


stress in a torsional specimen caused by a transverse hole is important 
because it changes the mode of fatigue fracture in ductile metals, and 
also changes the law governing the effect of range of stress upon the 
fatigue strength of ductile metals. Evidence of the change in mode 
of fatigue fracture in two specimens of tobin bronze is given by 


. . . . . Omax 
Fig. 11, where the upper specimen, in which the ratio ——— = 1, 


Tmax 


shows the fatigue fracture along a plane of maximum shearing stress 
extending from A to B; whereas the lower specimen, in which the 


2 O max 
ratio — 


Tinax 


= 2, fractured on the plane of maximum normal tensile 


stress. Evidence of the change in the law governing the effect of 
range of stress upon the torsional fatigue strength of ductile metals 
is found by comparing Fig. 4 with Fig. 6; in Fig. 4 the endurance 
limit remained constant as the steady shearing (and normal) stress 
was increased, whereas in Fig. 6 the endurance limit decreased as 
the steady stress was increased. 

On the other hand, in the case of brittle metals, when the state 
of stress was changed by a transverse hole in a torsional specimen, 
there was no change in the mode of fatigue fracture and no change 
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in the law governing the effect of range of stress upon the endurance 
limit. These latter facts are shown by Fig. 8. In other words, the 
fatigue fracture occurred on the planes of maximum normal (tensile) 


Tmax 
stress when the ratio — 


Tmax 


was 2. This fact is not unexpected when it is remembered that in 


was equal to 1 as well as when this ratio 


: . cohesion strength . : 
brittle metals the ratio ———°_ is less than unity, so that 
shearing strength 


Omax 4 a ” 
even when — = 1 the fatigue failure was still due to the normal 
Tmax 
stress. 
In the steady stress—alternating stress diagram of Fig. 12 a 
. . . . O max 
suggested generalization of the influence that the two ratios = 
Tmax 


cohesion strength 
shearing strength 
range of stress upon the fatigue strength of ductile and of brittle 
metals is shown by the curves C, D, and E. 

The curve C represents fatigue strengths of ductile metals sub- 

Tmax 

jected to a state of pure shear stress in which the ratio 4 ae il 
and is based upon the results from tests of notch-free torsional 
specimens of twenty-seven ductile metals, as shown in Fig. 4. It is 
assumed that the fatigue strength of specimens of ductile metal 


and have upon the laws governing the effect of 
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\ 


subjected to a state of pure shear depends primarily on the resistance 


| ian t ; Peeera iia cohesion strength Ha 
of the metal to shearing stress, since Sheanmatreneres aheneth 


greater than unity for ductile metals. 


On the other hand, the curve H represents fatigue strengths of 
brittle metals subjected to any state of stress, that is, for all values 


Tmax 
of the ratio ———, and is based upon results from tests of eleven 


Tmax 
brittle metals, as shown by Figs. 8 and 9a. It is assumed that the 
fatigue strength of specimens of brittle metal depends primarily on 
the resistance of the metal to normal stress for all values of the ratio 


Omax 


(this ratio is always equal to or greater than 1) since the ratio 


Tmax 
cohesion strength 
shearing strength 
The two curves C and FH, therefore, may be thought of as bounda- 
ries, the curve C representing fatigue strengths which depend pri- 
marily upon the resistance of the metal to shearing stress, and 
the curve FE representing fatigue strengths which depend primarily 
upon the resistance of the metal to normal stress. Between these 
boundaries will lie all the curves representing fatigue strengths 


is less than unity in brittle metals. 


O max 


corresponding to varying relative values of the two ratios ——— and 


. Tmax 
cohesion strength 5 : 

- Bs The curve D and the modified Goodman line 
shearing strength 


are examples of curves which lie in between these two boundaries. 
Curve D represents the average fatigue strength of thirteen ductile 


Omax 


metals tested in tension (Fig. 5a) for which the ratio ——— = 2. 


Tmax 


The fact that curve D lies between the boundaries C and E indicates 
that the fatigue strength of notch-free tension specimens may de- 
pend upon the combined action of the shearing stress (on plane at 
45 deg. to axis) and the normal stress occurring on the same plane. 
In other words, the resistance of the metal to shearing stress seems 
to depend upon the normal stress which acts on the plane on which 
the shear stress occurs, and thus a theory of failure which would 
apply to this case should include the effects of both these stresses. 


. Tmax 
ingherranios—= 


Tmax 

state of tri-axial tension which probably occurs at a deep, sharp 
circumferential V-groove* *7 in a tension specimen, there are some 
data which indicate that the fatigue strength will be given by curve 
#; the apparent reason for this fact is that the shearing stresses are 


- is large in ductile metals, as is the ease in the 
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so small compared with the normal stresses that the fatigue strength 
depends primarily upon the resistance to normal stress. 

From these tentative conclusions it appears that the law governing 
the effect of range of stress upon the fatigue strength of metals de- 


max 


o 
pends largely upon two ratios, namely the ratio — 


cohesion strength : Tmax 
: alee numerical values of these ratios will not be 
shearing strength 


and the ratio 


known in most problems, but even a rough idea as to their values will 
help considerably in determining what the effect of range of stress 
will be upon the fatigue strength of metals. 


Omax 


15. The Effect of Ratio When Steady Stress Is Compression.— 


T max 
The normal stress, omax, seems to lose itS significance as a cause of 
progressive fracture when it is a compressive stress. A few investi- 
gators*! * have pointed out that progressive fracture due to ranges 
of stress in which the steady stress is compression may be due to 
residual tensile stress which results from local compressive yielding 
in the metal. There is some reason to believe, however, that pro- 
gressive fracture under ranges of compressive stress may be due to 
the range of shearing stress in both ductile and brittle metals for all 


. Tmax 
values of the ratio — 


Tm ax 


already been discussed in connection with Figs. 5b and 9b. Thus, 


Evidence for this tentative conclusion has 


c Tmax ; : : * 
the ratio ——— loses its significance for determining the effect upon 


T max 


the endurance limit of varying the range of stress when the steady 
stress is compression. 


VI. WorKING STRESSES FOR VARYING RANGES OF 
REPEATED STRESS 


16. Method of Selecting Working Values of Axial (or Bending) 
Stress—A method of selecting working stresses for a member sub- 
jected to varying ranges of repeated stress will be considered in the 
light of the facts brought out in the previous discussions. Although 
the method is applied here for repeated normal (tensile) stresses, it 
can be applied to repeated torsional (shearing) stresses as well. 

Let it be assumed, for example, that a cylindrical member having 
an abruvt change in section caused by a circumferential V-groove is 
to be made from ductile metal and is to be designed to carry repeated 
axial (tension—compression) loads varying from 5000 Ib. tension to 
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15 000 Ib. tension. It is assumed here that if the member fails it 
will be due to the normal (tensile) stresses* although it is realized 
that the maximum shear stress theory of failure, the maximum 
energy of distortion theory of failure, ete., have been used in the 
design of members to resist repeated loads. From the facts which 
have been brought out in the previous discussion the alternating 
component of a range of stress seems to be the stress which causes a 
fatigue fracture, and the fracture starts where the stress is the most 
highly concentrated. Therefore, in the design of the member the 
load will be thought of as being made up of two components, a 
steady load, Pscaay, and an alternating component, Pay. The steady 
and alternating stresses corresponding to these components of load 


Pena 
2 CaAY 
are then assumed to be given by the formulas om = 7s and 


alt B 3 . 
v= res where A is the cross-section area and K is the stress 


concentration factor that is applied only in the calculation of the 
alternating stress. Hence the cross-section area is given by the 
formula 

Al Gia 


Picsay ala Pe = A Tm ar K 


(11) 


It will be noted that o, as used in Equation (11) represents the stress 
Ko, as given by Equation (9). If Equation (11) is used for determin- 
ing the cross-section area A, working values of the stresses o», and oq 
must be selected. In order to select these working values of o,, and oa 
the fatigue strength for varying ranges of stress must be known. The 
actual test data that are needed in finding the fatigue strength for 
varying ranges of stress are as follows: (1) The endurance limit o, 
for completely reversed axial stress (or completely reversed bending 
stress) in notch-free specimens; (2) the tensile static yield strength, 
oy, of the material; (3) the tensile ultimate strength, o,,, of the material. 
Values of these properties for two steels having widely different yield 
ratios are given in the following; by yield ratio is meant the ratio of 
static yield strength to static ultimate strength. Both of these steels 
will be used in the design. One steel is a 0.7 per cent carbon steel, 
for which o, 50 000 lb. per sq. in., o, 60 000 lb. per sq. in., 
a, = 100 000 Ib. per sq. in., and the yield ratio is equal to 0.60. The 
other steel, a quenched and tempered S.A.E. 3140 steel, has the follow- 
ing properties: o«,—89 000 lb. per sq. in., o, = 150 000 lb. per sq. 
in., o —= 160 000 lb. per sq. in., yield ratio 0.94. In finding the 
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fatigue strength for varying ranges of stress from which the working 
stresses will be obtained, the steady stress—alternating stress diagrams 
of Figs. 13 and 14 will be used; the distance OB on the horizontal 
axis is set equal to oy, the distance OA on the vertical axis is made 
equal.to o,, and the straight line AB is drawn. The line AB in Figs. 
13 and 14 will represent the fatigue strength of notch-free and also 
of notched specimens of these two steels for varying ranges of stress, 
provided the stress concentration factor K is applied only in the cal- 
culation of the alternating stress component of the range. This fact 
was pointed out in Section 11. 

The working values of the stresses o, and o,, will be obtained from 
the coordinates of points on AB provided that the member fails by 
progressive fracture. If, however, the steady tensile stress is large, the 


40 ILLINOIS ENGINEERING EXPERIMENT STATION 


/00 


Mb, (00 SY. 12. 
ony 
SS 


Ss ae 


60 are oe Yield Strength 


bh 


Endurance Lipa/t for 
Complete Reversals 


= 
Ee 
eH 
os 
2 


S 


Ss 


Alternating StHEeSS, Oy, 7? 1000 
S 


20 
w 
S 
<i? 
x 
1 
0 20 40 60 80 /00 
nn a) a eee 


Tensile Steady StTesS, %, lt? 10005 Of le. per sg. 2, 


Fic. 14. WorkING STRESSES FOR VARYING RANGES oF NoRMAL STRESS FoR 0.7 
Per Cent Carson Steet, Havinc YIELD Ratio or 0.6 


superimposed alternating stress may cause a maximum stress (a, + 
a.) greater than the static yield strength of the metal, so that the 
member would fail by general yielding on the first application of the 
stress. Therefore, in selecting working stresses it will be necessary 
to guard against the maximum stress of the range becoming larger 
than the working stress for static loads alone; this working stress will 
be taken as some fractional part of the static yield strength of the 
metal. In Figs. 13 and 14 the distances OH and OD on the horizontal 
and vertical axes, respectively, are made equal to the static yield 
strength of the steels so that the coordinates of points along the 
straight lme drawn from D to # will represent combinations of steady 
stress and alternating stress which will give a maximum stress equal 


EFFECT OF RANGE OF STRESS ON FATIGUE STRENGTH 41 


to the static yield strength of the steel. Thus, for a given steady 
stress, say 40 000 lb. per sq. in., if the ordinate to the line DE is less 
than the ordinate to the line AB (as it is in Fig. 14) the failure in a 
specimen of the metal subjected to a range of stress whose steady 
stress is 40 000 lb. per sq. in. will be by general yielding instead of 
by fatigue fracture, but if the ordinate to the line AB is less than 
the ordinate to the line DE (as it is in Fig. 13 for om —40 000 lb. 
per sq. in.), the failure of a specimen of the metal subjected to a range 
of stress whose steady stress is 40 000 lb. per sq. in. will be by fatigue 
fracture rather than by yielding. Therefore the segment AK of line 
AB and the segment KE of the line DE represent the limiting combi- 
nations of steady and alternating stresses to which specimens of these 
two steels may be subjected without failing either by fatigue fracture 
or by general yielding. It is interesting to note that the segment AK 
which represents fatigue strengths is relatively much longer for the 
high yield ratio steel in Fig. 13 than for the low yield ratio steel in 
Big a1: 


Method of Applying Factors of Safety.—In selecting working 
stresses for the steels represented by Figs. 13 and 14, let it be assumed 
that a reduction factor of 3 will be applied to the stresses which will 
cause failure by fatigue, that is, to the ordinates of the points on AK, 
and let it be assumed that a reduction factor of 2 will be applied to 
the stresses which will cause failure by general yielding, that is, to the 
maximum stresses corresponding to the ranges of stress represented 
by the line KH. The following method of applying these reduction 
factors is given: 

First, consider the application of the reduction factor of 3 to the 
stresses which will cause failure by fatigue. The endurance limits 
are represented by the ordinates of the points on the line AB. The 
reduction of these stresses is accomplished by choosing the point 
A’ such that OA’ equals one-third of the endurance limit, OA, for 
completely reversed cycles of axial stress, and then drawing the line 
A’B so that the ordinate to any point on the line A’B is equal to 
one-third of the corresponding ordinate to the line AB. At some 
point K’ on the line A’B the maximum stress in the range, that is, 
the steady stress plus the alternating stress, will reach a value equal 
to one-half the static yield strength. The point K’ is the intersec- 
tion of the line D’E’ with A’B, where OD’ = OE’ = 4 ay. 

The coordinates of points on the line segments A’K’ and K’H’ will 
therefore represent corresponding pairs of values of steady stress and 
alternating stress which may be applied safely. Along the line A’K’ 
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the alternating stresses will be one-third of the value of the alter- 
nating stress which will cause a fatigue fracture to start, and along 
the line K’E’ the maximum stress will be equal to one-half of the 
static yield strength. The coordinates of point A’ represent the work- 
ing stress for a completely reversed cycle of axial stress, that is, for 
a range whose steady stress is zero, and the coordinates of point EK’ 
represent the working stress for a steady (static) load with zero 
alternating stress. 


Numerical Examples—The method of selecting working stresses is 
illustrated now by numerical examples. It is recognized that in de- 
signing most members there are many other considerations such as 
size effect, etc., on the fatigue properties, which are neglected in these 
numerical examples. From the statement of the problem the alternat- 
ing load Py, is 5000 and the steady load Pereaay is 10 000 lb., and 
hence the ratio of the two loads is 1 to 2. The ratio of the nominal 
stresses will therefore be 1 to 2, and this ratio will be used in Figs. 
13 and 14 inasmuch as the effect of stress concentrations have already 
been taken account of in drawing the diagrams. 


Solution for Use of S.A.E. 314 A straight line is drawn in 
Fig. 13 through the origin O having a slope equal to 1 to 2. This 
straight line intersects the line A’K’ at a point where the alternating 
stress (the ordinate of the point of intersection) is 21 500 lb. per sq. 
in. and the steady stress (the abscissa) is 43 000 lb. per sq. in. This 
combination of steady stress and alternating stress is the set of work- 
ing values to be applied to the design of the rod. From fatigue tests 
of specimens of this metal the stress concentration factor K was found 
to be 2.3. Substituting these values in Equation (11) we obtain 


21500: A 
10 000 + 5000 = 43000 A + - Sate = 52350 A 


and therefore the cross-section area is 
1 eS an 


Solution for Use of 0.7 Per Cent Carbon Steel—A straight line with 
slope 1 to 2 is drawn in Fig. 14 through the origin O intersecting the 
line A’E’ and giving a combination of working values for om = 20 000 
lb. per sq. in. and for o, 10 000 lb. per sq. in. It is important to 
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observe that for this steel which has a low yield ratio, the working 
values of steady and alternating stresses are limited by the static 
yield strength rather than by the fatigue strength, since the straight 
line with the slope of 1 to 2 intersects the line K’E’ instead of the 
line A’K’. From fatigue tests of specimens of this metal the stress 
concentration factor K was found to be 1.5. Using these values of 
working stresses and the values of the steady and alternating loads 
as given in the problem, we find that Equation (11) gives the follow- 
ing results: 


10 000- A 
OOOO 5000201000 4 SSS — 26 600 
whence 
15 000 : : 
= === — 0.00) sq. in: 
26 600 


VII. ConcLusiIons 


17. Summary.—An analysis of test data has been presented for 
determining the endurance limit corresponding to any steady stress in 
relatively small laboratory specimens of ductile and also of brittle 
metals. The endurance limit (fatigue strength) corresponding to a 
given steady stress is defined as the maximum alternating stress which 
may be superimposed upon the steady stress and repeated an indefi- 
nitely large number of times without causing a fatigue fracture. The 
analysis includes results from tests for various ranges of axial stresses 
for the cases in which the steady stress was tension and in which the 
steady stress was compression, and for ranges of torsional shearing 
stress. Moreover, the analysis includes the results from tests of notch- 
free specimens and also of notched specimens of both ductile and 
brittle metals. Any stress raiser such as a hole, fillet, keyway, flaw, or 
other discontinuity such as a corrosion pit, is considered as a notch. 
The effect of range of stress upon the fatigue strength has been 
interpreted by plotting the test results on two kinds of diagrams, 
namely the steady stress—alternating stress diagram and the maximum 
stress—alternating stress diagram in which the alternating stress is the 
endurance limit for the corresponding steady stress of the range of 
stress. 

In this study ranges of stress in tension—compression produced by 
bending are not included; however, from the analysis of some data 
from tests in repeated bending, it seems justifiable to assume that the 
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results obtained for direct axial tension—compression stresses are ap- 
plicable to ranges of stress in bending. The main reason for omitting 
bending stresses from this report is that the data are considered to be 
less reliable because of the difficulties involved in determining the 
values of the ranges of stress, particularly when the stress at any 
point involves yielding of the metal. 


18. Conclusions —From the interpretations of the data which have 
been presented in this report, the following conclusions are stated. 


(1) Ductile Metal— 


Notch-Free Torsion Specimens —In a notch-free cylindrical speci- 
men subjected to repeated torsional loads, the maximum alternating 
shearing stress 7, which may be superimposed upon any given steady 
stress t», and repeated an indefinitely large number of times without 
causing progressive fracture is constant. The value of this constant 
endurance limit 7, is equal to the endurance limit 7, for completely- 
reversed torsional shearing stress for notch-free specimens. These 
facts are shown by Fig. 4. 


Notched Torsion Specimens—tIn a cylindrical torsion specimen 
containing a notch (stress raiser) the maximum value of the localized 
alternating stress, K7,, which may be superimposed upon a given 
steady stress 7,, and repeated an indefinitely large number of times 
without causing fatigue fracture is given by the expression 


Ka =a, (1 = \ 


Tu 


where 7, is the endurance limit for the notch-free specimens sub- 
jected to completely-reversed stress in torsion, 7, is the torsional 
modulus of rupture of solid notch-free specimens of the metal, and 
K is the stress concentration factor which depends upon the shape 
of the notch and upon the metal. Thus, the alternating stress Kr, 
is not constant, but decreases with an increase in 7m. 

This difference between the laws governing the effect of range of 
stress upon the torsional fatigue strength of notch-free and notched 
specimens of ductile metals is probably due to the influence the 


Tomax 


notch has in changing the state of stress so that the ratio — 


Tmax 


1S 


increased to a value larger than unity. 
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In the foregoing equation the stresses 7, and r,, are calculated by 


Ihe 
the use of the formula 7 = we no account being taken of the notch. 


These facts are brought out in Section 10 and by Fig. 6. 


Notch-Free and Notched Tension Specimens.—In notch-free ten- 
sion specimens, the endurance limit o. corresponding to any mean 
or steady tensile stress, ¢,, is given by the expression 


where o, is the endurance limit for completely-reversed cycles of 
axial or bending stress, and ¢, is the static tensile ultimate strength. 
These facts are brought out by Fig. 5a. 

In notched tension specimens of ductile metals the maximum 
value of the localized alternating stress which may be superimposed 
upon a given steady stress is Ko, where o, is given by the foregoing 
equation, and where K is the stress concentration factor depending 
upon the shape of the notch and upon the metal. In this interpreta- 


tion of the fatigue strength of notched specimens the stresses o, and 


ie 
om are calculated from the formula ¢ = wa no account being taken 


of the effect of the notch. These facts are brought out in Section 11 
and by Fig. 7a. 


(2) Brittle Metal.— 

If either a notched or a notch-free specimen of a brittle metal is 
subjected to repeated axial (tension—compression) or torsional shear- 
ing loads, the maximum alternating normal stress, o., which may be 
superimposed on a given steady tensile stress o, and repeated an 
indefinitely large number of times without causing progressive frac- 
ture is given by the expression 


om 
il == 
Ou 
Cg = Cx 
Tm 
eee 
Ou 


where o, is the endurance limit for completely-reversed cycles of 
tensile-compressive stress. If the member contains a stress raiser the 
maximum value of the localized alternating stress is Ko,, where og 18 
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eiven by the foregoing equation, and where AVis the stress concentra- 
tion factor depending upon the shape of notch and upon the metal. 
These facts are brought out in Sections 12 and 13 and are shown by 
Figs. 8 and Qa. 


(3) Ductile or Brittle Metals for Ranges in Which the Steady 
Stress Is Compression—If either notched or notch-free specimens of 
either ductile or brittle metal are subjected to ranges of repeated 
normal stress (tension—compression) in which the steady stress is 
compression, the maximum alternating stress (endurance limit) oy 
which may be superimposed upon a steady compressive stress o,, and 
repeated an indefinitely large number of times without causing pro- 
gressive fracture is either constant and equal to the endurance limit 
a, for completely-reversed tension—compression stress, or is greater 
than o,. The tendency for o, to be greater than o, in ranges of com- 
pressive stress (see Fig. 10b) is very marked in cast iron, where in one 
case o, increased to about 6 times o,. In notched specimens of ductile 
metal the tendency of «, to increase over the value o,, is more marked 
than the tendency for o, to increase over the value of o, in notch-free 
specimens. 


(4) The effect of a notch as a stress raiser applies only to the alter- 
nating component of stress in any range of repeated stress in which 
the steady stress is tension. Hence, in the design of a member having 
a stress raiser to resist cycles of repeated stress in which the steady 
stress is tension, the stress concentration factor, A, is used in the 
formulas when calculating the alternating stress, but is not used when 
calculating the steady stress. This fact is brought out in Sections 
10 and 11. 

In selecting working stresses for the design of a member of ductile 
metal to resist cycles of repeated stress in tension, in compression, or 
in shear, it should be recognized that either one of two types of failure 
may occur, namely, general yielding on the first application of the 
load, or fatigue fracture after many repetitions of the load. A method 
of obtaining working stresses which are based on the possibility of 
these two types of failure is given in Chapter VI. 
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